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INTRODUCTION
Surface and corner cracks may occur in many structural components.
These cracks initiate near regions of stress concentrations and may cause premature failure of aircraft landing gears, spars, stiffeners, and other components [l] . Accurate stress-intensity factor solutions for these components are needed for reliable prediction of crack-growth rates and fracture strengths.
Most of the life of these cracked components is spent when the cracks
are small. Also, many applications of damage tolerance or durability analyses require the computation of stress-intensity factors for small cracks. Previous analyses of surface-and corner-crack configurations, using three-dimensional finite-element analyses [2-41, boundary-integral equation methods [5] , and alternating methods [6-81 have considered crackdepth-to-plate-thickness ratios greater than or equal to 0.2. Engineering judgment or extrapolations were used to estimate stress-intensity factors for small suiface and corner cracks [9, 10] . Therefore, more analyses are needed to verify these extrapolations for small cracks.
paper is to present stress-intensity factors for a wide range of semielliptical surface cracks and quarter-elliptical corner cracks in plates with crack-depth-to-plate-thickness ratios less than 0.2 and obtain asymptotic values as crack-depth-to-plate thickness ratios approach zero.
The purpose of this
Two popular methods to obtain the stress-intensity factors for the surface-and corner-crack configurations are the finite-element method with singularity elements [2-41 and the finite-element-alternating method [ll- 
131.
with customized modeling near the crack front with singularity elements.
Once such models are developed, accurate stress-intensity factors can be obtained [2-41. In contrast, the finite-element-alternating method does not need customized modeling near the crack front. element method and finite-element-alternating method were used to obtain the mode I stress-intensity factors. In these analyses, Poisson's ratio ( v ) was assumed to be 0.3.
The three-dimensional finite-
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Loading
Two types of loading were applied to the crack configurations: remote uniform tension and remote out-of-plane bending (bending about the x-axis).
The remote uniform tensile stress is St in the z-direction and the remote outer-fiber bending stress is Sb. stress calculated at the origin ( x -y -z = 0 in Fig. 1) without the crack present.
The bending stress Sb is the outer fiber
Stress-Intensity Factor
The tensile and bending loads cause only mode I deformations. The mode I stress-intensity factor K for any point along the crack front was taken to be
where the subscript i denotes tension load ( i -t ) or bending load ( i -b ) , a is the crack depth, c is the surface length, t is the thickness of the plate, Q is the parametric angle of the ellipse, and Q is the shape factor of the ellipse (which is equal to the square of the complete elliptic integral of the second kind). The half length of the bar, h, and the width solution for an uncracked body may be obtained in several ways, such as the finite-element method or the boundary-element method. In this paper, the three-dimensional finite-element method was used.
The 5
The procedure that is followed in the alternating method is summarized in the flow chart in Figure 4 and is briefly explained here for mode-I problems.
external loading using the three-dimensional finite-element method (Step 1 in Fig.4 ) . The finite-element solution gives the stresses everywhere in the solid including the region over which the crack is present (Step 2 ) .
The normal stresses acting on the region of the crack need to be erased to satisfy the crack-boundary conditions. calculated in Step 2 are fit to an nth degree polynomial in terms of x-and z-coordinates ( Step 4 ) . Due to the polynomial stress distributions obtained in Step 4, calculate the stress-intensity factor [ll] for the current iteration ( Step 5). Use the analytical solution of an embedded elliptic crack in a infinite solid subjected to the polynomial normal traction [ll] to obtain the normal and tangential stresses on all the external surfaces of the solid (Step 6 ) .
the external surfaces obtained in Step 6 are then considered as the externally prescribed stresses on the uncracked solid ( Step 7 ) . Again, solve the uncracked solid problem due to the surface tractions calculated in
Step 7. This is the start of the next iteration. Continue this iteration process until the normal stresses in the region of the crack are negligibly small or lower than a prescribed tolerance level. 
A typical mapped model is
In the second type, simple rectangular idealizations were used to model the solid. These models are referred to as the rectangular models. A typical rectangular model is shown in Figure 5 (b).
The alternating method requires a fit to the stresses, obtained from 7 the finite-element solution (of the uncracked body), at the crack location (
Step 4). These stresses are the residual pressures that need to be erased.
For corner cracks, the residual crack-face pressure distribution, Q =, was R assumed to be a complete fifth-degree polynomial in x and y with 21 terms as shown in the Pascal's triangle below.
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For surface cracks, the residual pressure symmetry about the y-axis.
the terms involving odd powers of x in the fifth-degree polynomial shown in the Pascal's triangle. For mapped models, the residual pressure was fit over the complete region of the crack.
pressure was fit over a rectangular region bounded by the semi-minor and semi-major axes of the crack ( see shaded region in Fig. 6 ) .
aRz had only 12 terms because of These twelve terms were obtained by neglecting For rectangular models, the residual Because the continuum solution corresponds to that of an embedded elliptic crack in an infinite solid, it is necessary to define the residual stresses not only on the region of the crack but also on the "fictitious" portion of the crack which lies outside of the finite solid.
Atluri [ll- 
Convergence of the Finite-Element-Alternating Method
To study the convergence of the finite-element-alternating method, an oblong corner crack subjected to remote uniform tension with an a/c ratio of 0.2 was considered. The corner-crack configuration was chosen because the 9 configuration is more severe than the surface-crack configuration because of the existence of an additional free surface ( x = 0 plane). The a/c ratio of 0.2 was chosen because larger areas of the external surfaces need to be made stress free.
Figure 7(a) shows a typical mapped model on the z -0 plane for a shallow corner crack ( a/t = 0.2 ) with 20-noded isoparametric elements.
This coarse model had 982 nodes and 162 elements and uses 4 elements to model region corresponding to the crack face.
fine, using 8-and 12-elements to model the region corresponding to the crack face, see Figure 7 (b) and 7(c), respectively. All three models had 9
unequal layers of elements in the height (z) direction. For all three models, the stress-intensity factors converged to within one-percent accuracy in 5 iterations. The average residual pressure on the crack face normalized by the remote tension stress showed excellent convergence, as shown in Table 1 .
Two other models, medium and Figure 8 presents the normalized stress-intensity factors all along the crack front for the three models.
three models agreed well with one another and indicated that even coarse models give accurate results.
The stress-intensity factors from the Figure 9 shows the three rectangular models (on the z = 0 plane ) that were used in the analyses: coarse, medium and fine. The three models were developed such that the coarse model is a subset of the medium and the medium model is a subset of the fine model. All models had the same refinement in the height (z) direction. The coarse and medium models had only 4 elements, while the fine model had 9 elements in the crack region.
The coarse model had only 5 elements in the y-direction while the medium model had 7 elements in the y-direction. In both cases the x-refinement was held constant. The fine mesh, on the other hand, had 9 elements in the ydirection and 7-elements in the x-direction. Therefore, the fine model had better refinement near the crack front. The plate was idealized with 175, 245, and 441 elements for the coarse, medium and fine models, respectively.
For these models, the stress-intensity factors converged to within onepercent accuracy in 4 iterations. The average residual pressure on the crack face normalized by the remote uniform tension stress, again, showed excellent convergence, as shown in the Table 2 . Figure 10 presents the normalized stress-intensity factors obtained from the three rectangular models for a slightly different corner-crack configuration ( a/c -0.2 and a/t = 0.1 ) than used for the mapped models.
Small differences in stress-intensity factors were found between the medium and fine models ( about 0.5 percent). However, for larger values of 4 considerable differences were observed between the coarse and medium models. 
Each iteration was approximately one
The rectangular models give accurate results provided that
Most importantly, a
The computational time -for one run was about
Stress-Intensity Factors for Small Cracks
Stress-intensity factor equations [9,10] have been developed by using the stress-intensity factors obtained from the finite-element method, engineering judgement, and extrapolations. To evaluate the equations for a/t < 0.2, therefore, it is logical that the values from the equation be compared with those from the finite-element method. Furthermore, the differences between the results from the finite-element-alternating method and the finite-element method with singularity elements were about 3 percent for most of the crack front. Therefore, stress-intensity factors were calculated for various crack shapes ( a/c -0.2 to 1) with a/t ratios ranging from 0.05 to 0.2 by using the finite-element method. A typical stress-intensity factor distribution for a corner crack with a/c -0.4, subjected to remote uniform tension loading, for various a/t ratios are shown in Figure 15 . For remote tensile loading and all a/c ratios considered, smaller a/t values always gave slightly lower stress-intensity factors all along the crack front.
intensity factors from an a/t value of 0.2 to 0.05 was less than 3 percent.
For remote bending loading and all a/c ratios, smaller values of higher stress-intensity factors all along the crack front. This is expected because the crack experiences a more uniform stress gradient as a/t approaches zero. At a/t -0, the bending stress-intensity correction factors (F) are exactly equal to those due to remote tension. At a/t -0 . 0 5 , the maximum differences between the stress-intensity correction factors at the deepest point of the crack due to remote tension and remote bending loading are about 10 percent.
However, the difference in stressa/t gave
The present results were also compared to the empirical stressintensity factor equations proposed by Newman and Raju [9, 10] .
previously mentioned, the empirical equations were obtained by a curve fitting procedure to the finite-element results in the range 0.2 I a/t 5 0.8 for various crack shapes. In developing the empirical equations, some engineering judgment and extrapolations were used for the limiting solution 
